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According to the Λ Cold Dark Matter (ΛCDM) cosmological paradigm, the matter content of the
Universe is mostly in the form of non-baryonic non-relativistic particles interacting predominantly
through gravity (Spergel et al., 2003; Komatsu et al., 2009). In this picture, dark matter structures
form hierarchically, bottom up from primordial density fluctuations via the clustering and merging
of smaller objects into progressively more massive ones (Toomre, 1977; Frenk et al., 1988; White
& Frenk, 1991; Barnes, 1992; Cole et al., 2000). In particular, it is believed that extended dark
matter haloes provide the gravitational potential wells within which the gas can cool, collapse,
form stars and give rise to the galaxies as we know them (White & Rees, 1978; White & Frenk,
1991; Kauffmann et al., 1993).
The ensemble of complex physical phenomena, that beyond gravity, regulate the baryonic prop-
erties within the dark matter haloes is colloquially known as gastrophysics. These include dissi-
pative and radiative processes, responsible for the concentration of gas at the centre of the dark
matter haloes, star formation, converting gas into stellar populations, and feedback processes
which redistribute and eject the heavy elements within and outside galaxies and regulate star for-
mation efficiency. On the one hand gravity determines the evolution of the dark matter haloes,
while gastrophysics is responsible in shaping the luminous content of galaxies and give them the
appearance we observe (e.g Binney, 1977; Rees & Ostriker, 1977; White, 1994).
However, little is known about the complex interplay between the baryons and radiation, of how
and why the interstellar medium cools, is processed, recycled and enriched in metals. It is often
hard, therefore, to link the seemingly well understood properties of the dark matter haloes, mostly
explored using N-body simulations, with the observed properties of their galaxies. Consequently,
several issues are encountered when trying to build up a picture of galaxy formation coherently
embedded in the CDM paradigm; two are of particular relevance: the presence of a high-density
cusp in the centre of dark matter haloes (Moore, 1994; Burkert, 1995; McGaugh & de Blok, 1998;
Binney & Evans, 2001; de Blok et al., 2001) and the predicted existence of a rich unseen popu-
lation of subhaloes within each halo (Kauffmann et al., 1993; Klypin et al., 1999; Moore et al.,
1999, 2001; Diemand et al., 2007a,b, 2008; Springel et al., 2008). The second is known as the
missing satellite problem and is the main focus of this Thesis. The presence of dark energy is also




1.1 The missing satellite problem
In the CDM picture massive haloes are assembled together by clustering and merging. While
the small haloes fall into the larger ones, they are subjected to virialization processes, such as
tidal forces and dynamical friction, and are depleted of the less bound particles (Kravtsov et al.,
2004; Nagai & Kravtsov, 2005; Giocoli et al., 2008; Pen˜arrubia et al., 2008). As shown by high
resolution numerical simulations, a large number (∼ 105; Springel et al. 2008) of these smaller
haloes is able to survive to the present epoch in the form of subhaloes. If gas is able to cool
and form stars in every dark matter halo, we would expect the number of dark matter subhaloes
to match the number of observed dwarf galaxy satellites. However, the former has a few orders
of magnitude larger number density than the latter, at least in the Milky Way and Andromeda
galaxies (e.g. Diemand et al., 2008; Springel et al., 2008). This discrepancy is generally known
as the missing satellite problem. As pointed out by Kravtsov (2010), a better and well-posed
definition of the problem is not in terms of the total number of subhaloes, but rather in terms of
their mass or circular velocity distributions. In figure 1.1 the cumulative number of subhaloes and
Milky Way dwarf galaxies, as a function of their peak circular velocity Vmax and as a function
of the total gravitational bound mass within the innermost 0.6 kpc, m0.6, are shown. It is clear
from these figures, that the missing satellite problem can be stated as the discrepancy between the
predicted and the observed slopes of the mass and the circular velocity distributions. It should be
kept in mind, however, that these comparisons are not free from assumptions and uncertainties.







is a well defined quantity in numerical simulations. Conversely, it can typically be derived from
the observed line-of-sight velocity dispersion of the dwarf galaxies only through assumptions
about the anisotropy of their stellar orbits or on their mass distribution (Klypin et al., 1999; Moore
et al., 1999; Stoehr et al., 2002; Hayashi et al., 2003; Kazantzidis et al., 2004; Pen˜arrubia et al.,
2008). In figure 1.1, for example, the velocity function for the observed satellites was constructed
under the assumption of an isotropic distribution of the stellar orbits, that is, Vmax =
√
3 σr.
Moreover, m0.6 is a well measured quantity only for the more massive of the Milky Way satel-
lites, while for the ultra-faint satellites only masses inside smaller radii (e.g. within the inner most
0.3 kpc) can be measured. In numerical simulations, these small radii require a very high resolu-
tion which has been achieved only recently (Diemand et al., 2008; Springel et al., 2008). None
of these uncertainties, however, can as of yet explain the difference in the predicted and observed
mass and velocity function slopes.
On a more general level, three other aspects of the subhalo properties should be considered. First,
numerical simulations not only seem to fail to reproduce the observed slope of the mass and veloc-
ity functions, but also do not reproduce the radial distribution and the anisotropy of the observed
satellite. The Milky Way satellites seem to have a more concentrated and more anisotropic dis-
tribution than the dark matter subhaloes (Lynden-Bell, 1982; Majewski, 1994; Hartwick, 2000;
Kravtsov et al., 2004; Willman et al., 2004; Taylor et al., 2005; Kroupa et al., 2005; Metz et al.,
2009). Second, because the CDM paradigm is almost invariant when scaled from galaxies to
groups and clusters of galaxies, a similar missing satellite problem is expected in this class of
objects as well. Third, the same kind of discrepancy is observed not only in galaxy satellites, but
also in the field population. The classical missing satellite problem is probably just one aspect







Figure 1.1: Left: cumulative circular velocity functions, of subhaloes and dwarf satellites of the Milky Way
from Pen˜arrubia et al. (2008). The subhalo velocity functions are plotted for the host haloes with max circular
velocities of 160 km s−1 and 208 km s−1 that should bracket the Vmax of the Milky Way halo. Right: the
mass function of dwarf satellites of the Milky Way and the subhaloes as a function of the total mass within
the inner 0.6 kpc Strigari et al. (2007).
of a more general problem where the faint-end of the luminosity function and the low mass-end
of the mass function need to be reconciled, while at the same time matching the satellite spatial
distribution.
The missing satellite problem is a long standing problem and understanding its origin is important
not only from an astrophysical point view, but also for a physics one. Constraining the subhalo
mass function can provide, in fact, unique constraints on the properties of the dark matter particles
(e.g. Hofmann et al., 2001; Berezinsky et al., 2003; Green et al., 2004).
1.2 Possible solutions to the missing satellite problem
Several solutions to the missing satellite problem have been suggested. These can be divided into
three general categories:
1. Cosmological solutions (i.e. the CDM paradigm is incorrect or incomplete): the formation
of low mass dark matter subhaloes is suppressed either by changing the properties of the
dark matter particles (e.g. warm, self-interacting, repulsive, decaying, annihilating dark
matter (Colin et al., 2000; Cen, 2001; Spergel & Steinhardt, 2000; Goodman, 2000; Riotto &
Tkachev, 2000)), or by introducing a break in the power-spectrum of the primordial density
fluctuations (Kamionkowski & Liddle, 2000; Zentner & Bullock, 2003). Although these
models can match the total number of observed dwarf satellites, it has not been shown yet
that they can match the slope of the mass and circular velocity functions, while saving the
great success of CDM models in reproducing the large scale Universe or other observational
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properties of galaxies.
2. Astrophysical solutions (i.e. observations are incomplete): the combination of several phys-
ical processes such as UV reionization, supernova feedback, longer time scale cooling rates,
galactic outflows and cosmic accretion, suppress gas accretion and star formation in low
mass subhaloes (e.g. Thoul & Weinberg, 1996; Mac Low & Ferrara, 1999; Gnedin, 2000;
Hoeft et al., 2006; Kaufmann et al., 2007; Mashchenko et al., 2008; Robertson & Kravtsov,
2008). In this scenario, the missing satellites are hiding in a high mass-to-light ratio pop-
ulation, where dark matter haloes with masses ≤ few × 109M are essentially invisible
(Kravtsov, 2010). As shown by Kravtsov (2010), models in which the brightest satellites
are located into the most massive subhaloes before accretion and their luminosity is related
to the host virial mass by:






are able to alleviate the missing satellite problem, without imposing a strong cut-off in the
star formation rate with mass, and at the same time reproduce the observed mass-luminosity
(m0.3-L) relation, the luminosity function and the radial distribution.
3. A third scenario in which the Local Group happens to be a statistically peculiar realisation
is of course also possible (i.e. the CDM paradigm is correct and observations are complete).
This hypothesis needs to be tested by observations of satellites in galaxies beyond the Local
Group and by quantification of the scatter in the mass and circular velocity functions for
different simulated haloes. From a numerical point of view, attempts in this direction are
starting to be made only recently. Boylan-Kolchin et al. (2009) for example, have used the
Millennium II simulation to investigate the statistical properties of Milky-Way type haloes.
Their main result is that the subhalo cumulative mass function has an intrinsic scatter of
approximately 18 percent, independent of the host halo mass. Moreover, they find that the
chance of having a subhalo capable of hosting the Large Magellanic Cloud or two subhaloes
capable of hosting the Large Magellanic Cloud and the Small Magellanic Cloud are 3-8
percent for a Milky-Way halo mass of 1012M and 20-27 percent for a Milky-Way halo
that has a mass of 2.5 × 1012M.
Whereas almost all studies have so far concentrated on nearby galaxies, such as the Milky-Way
and Andromeda, one would like to extend these studies to more distant (even cosmologically)
galaxies, to improve their statistics, study their evolution and their properties as function of galaxy
mass and type. Because of their predicted low luminosity, galactic satellites in distant galaxies
can be, at the moment, observed only indirectly using gravitational lensing. The role played by
gravitational lensing in understanding the missing satellite problem is the main subject of this
Thesis and will be thoroughly discussed in the next sections and chapters.
1.3 Gravitational lensing
Gravitational lensing is essentially the gravitational deflection of light coming from a background
source by an intervening massive object, such as a star or a galaxy (Einstein, 1936; Schneider
et al., 1992). In figure 1.2 a schematic picture of the typical gravitational lensing scenario is












Figure 1.2: Typical gravitational lensing configuration. β and θ are the angular separation from the optical
axis of the source S and the image I respectively. The distances DS, DLS, DL are respectively the luminosity
distance from the observer O to the source, from the lens L to the source and from the observer to the lens.
drawn. The light emitted by a source S at a distance DS from a generic observer O, is deflected
by an angle αˆ (R) by a gravitational lens L, a massive object at a distance DL from the observer
and at a distance DLS from the source. Under the assumption of the thin lens approximation (i.e.
instantaneous deflection in the lens plane), and of small deflection angles, the deflection angle is







|R −R′|2 . (1.3)
Each position β on the source plane corresponds to a position θ on the image plane via the follow-
ing lens equation
β = θ − DLS
DS
αˆ (DLθ) ≡ θ −α(θ) . (1.4)
The strength of the deflection depends on the gradient of the local lensing potential as
α (θ) = ∇θψ , (1.5)
The deflection angle is often expressed in terms of the convergence κ = Σ/Σcr, a dimensionless
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. (1.7)
In the regime of strong gravitational lensing the lens is supercritical with κ > 1, the lens equation
becomes locally non linear and multiple images of the same source are created. The convergence
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and the lensing potential are related to each other by the following two-dimensional Poisson equa-
tion
∇2θψ = 2 κ. (1.8)
Because the deflection of light rays coming from the source is differential, the images will be
distorted and have a different shape and size than the source. The distortion of an infinitesimally












1 − κ − γ1 −γ2
−γ2 1 − κ + γ1
)
, (1.9)
where γ1 and γ2 are the components of the shear γ = γ1 + iγ2 and κ is the convergence as defined
above. In particular, the convergence is responsible for an isotropic (de)magnification of the
image, while the shear produces a change in the shape and only has a second-order effect on the
magnification. According to the strength of the distortion three different classes of gravitational
lensing can be defined:
1. Strong lensing: the lens is responsible for strong distortions, producing multiple images,
arcs and Einstein rings. It is commonly used to constrain the potential of the lensing object
(e.g. Kochanek, 1991; Schneider et al., 1992; Rusin, 2000). In combination with other
measurements, such as weak lensing and kinematics, it can provide strong constraints on
the lens mass distribution (e.g. Koopmans & Treu, 2002; Gavazzi et al., 2007; Barnabe` &
Koopmans, 2007; Koopmans et al., 2009).
2. Weak lensing: the distortions and the magnifications are very small and the lensing effect
appears, for true axisymmetric lenses, as a statistical preferred stretching of the background
source in the direction perpendicular to the centre of the lens. It is a rather common event
and it is generally used to constrain the mass profile of galaxy clusters, cosmological pa-
rameters and the properties of dark energy (Huterer, 2010, and references therein).
3. Micro lensing: is a form of strong lensing in which the lens mass is relatively small (star or
planet) and the created distortions or multiple images are not resolvable (image separation
of the order of few micro-arcseconds to milli-arcseconds). Because of the relative motion
between the source, the lens and the observer, microlensing is observable as a change of
brightness of the multiple images over a time scale of days to years. It is the perfect tool
to study faint objects, such as black holes and massive compact objects and to detect extra-
solar planets (Paczynski, 1986; Alcock et al., 1993; Bennett & Rhie, 1996)
Liouville’s theorem can be used to show that lensing conserves the surface brightness from the
source to the lens plane. However, the total flux received by the observer will change, caused by
a magnification or de-magnification of the solid angle of the source. The lensing magnification
tensor is given by the inverse of the Jacobian matrix. The sign of det A−1 determines the parity
(handedness) of an image. Images with a negative parity are mirror imaged relative to the source.
Curves on the lens plane along which the local magnification µ = det A−1 is infinite are called
critical curves and the corresponding curves on the source plane are called caustics. Smooth parts
of a caustic curve are called folds, while points where two folds meet are called cusps. When the
source crosses a caustic, a pair of images near to the corresponding critical curve is created or
destroyed depending on the direction of crossing. In the case of multiple images with a relative
1.3. Gravitational lensing 7
Figure 1.3: Fold and cusp configurations for a four-image lens from Zackrisson & Riehm (2010).
distance tending to zero (merging images), the following magnification relations are expected to
hold (Mao, 1992; Schneider & Weiss, 1992):
Rfold =
µA + µB
|µA| + |µB| → 0 , (1.10)
for a source asymptotically approaching a fold (fold system, fig. 1.3 left panel) from inside the
caustic curve, and
Rcusp =
µA + µB + µC
|µA| + |µB| + |µC | → 0 , (1.11)
for a source asymptotically approaching a cusp (cusp system, fig. 1.3 middle panel) from inside
the caustic curve. Sources not close to the caustic produce symmetric cross configurations (fig.
1.3 left panel).
In lensing it is often useful to think in terms of the so called (scaled) Fermat potential, a scalar




(θ − β)2 − ψ(θ) . (1.12)
The Fermat potential expresses the excess travel time relative to a light ray that travels directly
from the source to the observer without deflection. The first term on the r.h.s of this equation is
the geometrical delay due to the difference in path length between the two rays, while the sec-
ond term is the potential delay related to the relativistic Shapiro effect. According to Fermat’s
principle, images form at the stationary points of the Fermat potential, where ∇τ (θ,β) = 0. This
principle expresses the maximization of the quantum mechanical probability function of the pho-
tons when all possible paths are summed coherently, and the peaks of the probability function
coincide with the extrema of the Fermat potential. In the strong gravitational lensing regime what
is observed is the relative time delay between two images. Time delay measurements have been
mostly used to measure the Hubble constant H0 (e.g. Refsdal, 1964; Biggs et al., 1999; Koopmans
& Fassnacht, 1999; Suyu et al., 2010), but, as we will show in the next section, they can also be
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used to detect mass structure in the potential of the lens galaxies (Keeton & Moustakas, 2009).
1.4 Probing mass substructure with gravitational lensing
In this section we discuss how galaxy-galaxy strong lensing can be used to constrain the lens-
ing potential and address the missing satellite problem. Several aspects of galaxy-galaxy strong
gravitational lensing can be used to detect mass substructure of a lens galaxy located at any given
cosmological distance: flux ratio anomalies, astrometric perturbations, time delay millilensing
and perturbations in highly magnified Einstein rings and arcs. In this section we review the main
ideas and the major results of these techniques.
1.4.1 Flux ratio anomalies
Simple lens models for the lens galaxy are generally sufficient to reproduce the positions of
quadruply imaged quasars with extremely high precision; however, these models fail in repro-
ducing the relative fluxes of the multiple images (see figures 1.3 and 1.5). In particular, most
of the observed cusp and fold systems appear to violate the magnification relations of equations
1.10 and 1.11 to a degree that is significantly higher than what expected for real lensing potentials
with realistic angular structures (Keeton et al., 2003). Mao & Schneider (1998) were the first to
suggest that flux ratio anomalies could be related with the presence of small scale (comparable or
smaller than the image separation) mass structure in the lens galaxy, that are locally perturbing
the magnification of single images. The effect of CDM substructure on the cusp relation is very
well pictured in figure 1.4; the cusp relation is shown as a function of the source position, inside
the diamond caustic, for a simulated elliptical galaxy with increasing level of smoothing. For a
large smoothing scale the substructure is completely filtered and the predicted Rcusp is obtained,
while for smaller smoothing scales, the effects of substructure become more and more visible and
the cusp relation is violated over much larger areas and well into the cusp.
Flux radio anomalies in observed quads
Indeed Chiba (2002), Dalal & Kochanek (2002), Metcalf & Zhao (2002), Keeton et al. (2003) and
Kochanek & Dalal (2004) showed that in many observed lens systems with four images, CDM
substructure can be responsible for a violation of the magnification relations. Dalal & Kochanek
(2002), for example, analysing a sample of seven radio-loud lenses (not affected by dust extinc-
tion and stellar microlensing) from the Cosmic Lens All-Sky Survey (CLASS) concluded that, at
a 90 percent confidence level, the observed flux ratio anomalies can be explained with a projected
mass fraction in substructure between 0.6 and 7 percent within the Einstein radius.
Luminous satellites able to account for the observed flux ratio anomalies, have been then found in
about 50 percent (three out of seven) (see Schechter & Moore, 1993; McKean et al., 2007; More
et al., 2009) of the same sample of lenses. It is, therefore, not clear whether flux ratio anomalies
can be related to CDM substructure or rather to more massive companions.
The major problem with a scenario that tries to explain flux ratio anomalies in terms of mass
substructure is that the inferred mass fraction in either CMD substructures or luminous satellites





Figure 1.4: The cusp relation Rcusp for an N-body simulated elliptical galaxy at a redshift of zl = 0.81 from
Bradacˇ et al. (2004). The deviations are due to the substructure. Panel (a) shows Rcusp for the original mass
distribution, whereas panels (b)–(d) show the cusp relation for the models where the substructure have been
smoothed with a Gaussian kernel of standard deviation σG ∼ 1 kpc (b), σG ∼ 2 kpc (c) and σG ∼ 5 kpc (d).
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is larger than what is found in numerical simulations. In B2045+265 and MG2016+112, for ex-
ample, the luminous satellites contain about 1 percent (McKean et al., 2007; More et al., 2009)
of the total halo mass, and in MG0414+053 about 0.3 percent (Schechter & Moore, 1993), while
Diemand et al. (2008) and Springel et al. (2008) report a predicted mass fraction in satellites of
about 0.5 and 0.3 percent respectively. On the other hand, these comparisons are not free from
biases: the quoted results from both the Aquarius and the Via Lactea simulations are relative to
Milky-Way haloes at redshift zero, while the lens galaxies are massive ellipticals with redshifts in
the range of 0.2 to 1.0. We shall further discuss flux ratio anomalies by simulated CDM subhaloes
and luminous satellites in the next section.
In general, out of the 22 CLASS lenses 5 show the presence of a luminous satellite within
5 h−170 kpc. In a recent comparison between the CLASS lenses, the SLoan ACS Lens Survey
(SLACS) lenses, the Cosmological Evolution Survey (COSMOS) and the Sloan Digital Sky Sur-
vey (SDSS), Jackson et al. (2009) concluded that, while the incidence of luminous satellites
around the SLACS lenses is in agreement with non-lens early-type galaxies in COSMOS, the
CLASS lenses contain a significantly higher rate of luminous substructure than either simulations
or field galaxies in SDSS and COSMOS. This remains unexplained, but could explain the large
inferred substructure fraction found by Dalal & Kochanek (2002) from the CLASS sample.
It should be remembered that several alternatives to substructure, such as absorption, scattering or
scintillation by the interstellar medium of the lens galaxy (propagation effects), higher order har-
monics in the lensing potential and stellar microlensing have also been suggested. (e.g. Kochanek
& Dalal, 2004; Mao et al., 2004; Mittal et al., 2007; Schechter & Wambsganss, 2002).
Flux radio anomalies in numerical simulations
Recently, Xu et al. (2009) showed that in the Aquarius simulation the projected mass fraction in
subhaloes within the Einstein radius is always below 1 percent: the number density of CDM sub-
haloes in this simulation is insufficient to explain the observed flux ratio anomalies. This result is
consistent with previous similar analyses by e.g. Mao et al. (2004) and Maccio` & Miranda (2006).
In particular, the probability for the Aquarius simulation to reproduce the observed flux-anomaly
rate is 2.5 percent (Xu et al., 2009). This estimate takes into account the fact that the Aquarius
simulation describes a Milky-Way type of halo and the lack of a central cusp in the subhaloes be-
cause of numerical resolution issues. Because the Aquarius subhaloes have lensing cross sections
which are biased toward relatively massive subhaloes σ ∝ m0.1sub (Xu et al., 2009), the discrepancy
cannot be attributed to a lack of resolution in the simulation. An increase of resolution would in
fact significantly increase the number of small mass subhaloes, while leaving substantially unaf-
fected the more massive ones. However, the solution could also lie in the presence of baryons;
currently excluded from simulations, not only can they increase the number of surviving sub-
haloes, they can also increase their lensing efficiency (Shin & Evans, 2008). Bryan et al. (2008)
used the Millennium simulation combined with semi-analytical models to quantify the predicted
frequency of luminous satellites within the inner region of simulated galaxies as a function of
halo-type (galaxy-sized and group-sized), redshift (from zero to one) and galaxy-type (red and
blue). They concluded that the fraction of galaxy-sized haloes containing a luminous satellite
within the projected 5 h−170 kpc is about 3 percent at redshift zero and 10 percent at redshift one.
In another study Shin & Evans (2008) found that the total mass fraction in luminous satellites in
galaxy-sized haloes is not enough to explain the flux ratio anomalies. Possible solutions could
be that either the luminous satellites observed in lenses are in reality line-of-sight objects, misat-
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4 J. P. McKean et al.
ages (A, B and C) of B2045+265 at 5 GHz. Therefore, with the
aims of detecting the weakest lensed image (D) at mas-scales, in-
vestigating the nature of the fifth radio component (E), and search-
ing for extended structure in all of the lensed images, we undertook
a deep observation of B2045+265 with the VLBA at 5 GHz. The
observation was phase referenced and carried out over 10.7 h on
1997 October 17, with∼6.5 h spent on B2045+265. The data were
recorded in the left circular polarisation through 4 IFs, each with a
bandwidth of 8-MHz. A bit rate of 128 Mb s−1 with 2-bit sampling
was employed. Phase referencing and fringe finding were carried
out with JVAS B2048+312 (Wilkinson et al. 1998) and 3C 454.3,
respectively. The data were correlated at Socorro, where the indi-
vidual IFs were divided into 16×0.5 MHz channels and the visibil-
ities were averaged over 1-s time intervals.
The data editing and calibration was performed within AIPS
(Astronomical Image Processing Software) using the VLBAPIPE
pipeline script. No further frequency or time averaging was under-
taken during this process. This produced an effective field of view
for the resulting maps of∼5 arcsec from the phase tracking centre,
easily large enough to contain the full extent of the lens system,
which has a maximum lensed image separation of 1.91 arcsec. The
image deconvolution was carried out using imagr. We first created
a shallow wide-field map and identified the locations of the five
radio components of B2045+265. A small 80×80 mas2 field was
then placed around each component. A process of cleaning with
two cycles of phase-only self calibration, using a solution interval
of 10 min, was carried out. Natural weighting was used through-
out. The resulting restoring beam size was 3.4×1.9 mas2 at a PA
of −5.5◦. The image rms in each field was ∼55 µJy beam−1. Fi-
nally, elliptical Gaussian model components were fitted to the radio
components using jmfit.
3.2 Results
The deconvolved naturally-weighted maps of the four lensed im-
ages are presented in Fig. 1 and show a mixture of compact and ex-
tended emission consistent with gravitational lensing. Image A has
been resolved into two subcomponents, forming a core-jet struc-
ture. Subcomponent A1, the core, is compact and is the dominant
source of the 5 GHz emission from image A. The faint extended
nature of subcomponent A2 is consistent with a radio jet. Further-
more, A2 is extended toward the south west, which is perpendicular
to the axis connecting image A to the lensing galaxy. In contrast,
image B is unresolved in our deep VLBA map. This is not surpris-
ing since the surface brightness of the lensed images is conserved
by gravitational lensing and image B is fainter than image A (the
SB/SA flux density ratio is 0.61). The emission from image C is
well represented by a single compact elliptical Gaussian. However,
it is evident from Fig. 1 that there is a slight extension towards the
south in image C, which is presumably due to faint extended emis-
sion from the lensed jet. We have successfully detected the fourth
lensed image of B2045+265 for the first time at mas-scales. Image
D is the weakest lensed image and has a compact structure. The
results of fitting Gaussian model components to the B2045+265
lensed images are presented in Table 1.
We have also detected the fifth radio component of
B2045+265 with the VLBA. The naturally weighted map is also
shown in Fig. 1. We find the component E radio emission to be both
weak and unresolved. Fassnacht et al. (1999) argue that component







Figure 2. Adaptive optics imaging at 2.2 µm with NIRC2 on the W. M.
Keck-II Telescope. These new high resolution data have detected for the
first time a faint galaxy (G2) which may be responsible for the flux ratio
anomaly observed in B2045+265. North is up and east is left.
flux density is too high to be a core lensed image.1 We again find
this to be the case, with component E having a higher flux density
than image D. Assuming that component E is associated with the
lensing galaxy, we calculate the rest-frame 1.4 GHz luminosity of
the component E radio emission to be 2.9 × 1023 h−2 W Hz−1,
which is consistent with a weak AGN. The flat radio spectrum
(α155 ∼ −0.4 between 5 and 15 GHz, where Sν ∝ να) and com-
pact nature of component E at mas-scales are both in agreement
with the classification as a radio-loud AGN. The properties of the
elliptical Gaussian fitted to component E are also presented in Ta-
ble 1.
4 OPTICAL AND INFRARED OBSERVATIONS
In this section, we present new adaptive optics imaging acquired
with the W. M. Keck Telescope, and archival data taken with the
Hubble Space Telescope.
4.1 W. M. Keck Telescope adaptive-optics imaging
High resolution ground based imaging of B2045+265 at 2.2µm (K-
band) was obtained on 2005 July 31 with the Near InfraRed Cam-
era 2 (NIRC2; Matthews et al. in preparation) behind the adaptive-
optics bench on the W. M. Keck-II Telescope. The NIRC2 narrow
camera was used throughout, which provides a field of view of
10 × 10 arcsec2 and a pixel-scale of 9.94 mas pixel−1. The data
were taken in twenty three 180-s exposures with a small dither be-
tween each to facilitate good sky background subtraction during
the reduction stage. A sodium laser guide star was used to correct
for the atmospheric turbulence, and a V = 14.1-mag natural guide
star, 33 arcsec from B2045+265, was used for fast guiding.
The data were reduced within IRAF2 using a double-pass re-
duction algorithm. The first pass is used to map the positions of
1 Recall that component E also has a flatter radio spectrum than the lensed
images.
2 IRAF (Image Reduction and Analysis Facility) is distributed by the Na-
tional Optical Astronomy Observatories, which are operated by AURA,
Inc., under cooperative agreement with the National Science Foundation.
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Figure 1.5: Adaptiv optics imaging of B2045+265 (McKean et al., 2007) at 2.2 µm with NIRC2 on the
Keck II Telescope. The galaxy G2, detected for the first tim in thes s images, may be the explanation for
the flux ratio anomaly of this syst m.
tributed to the lens galaxy, or that luminous satellites, because of their higher concentration, have
higher lensing cross-sections (Shin & Evans, 2008).
As a final remark, it should be noticed that flux ratio anomalies as tracers of mass substructure in
lens galaxies are degenerate i mass; unles they are combined with other measurements, such as
astrometric perturbations and time delay millilensing, they do not give st ong constraints on the
subhaloes mass function but only on their total projected mass fraction.
1.4.2 Astrometric perturbation
Mass substructure in lens galaxies can be responsible for a local change of the lensing deflection
angle (equation 1.5) and therefore can be responsible for a change in the positions of the lensed
images at an observable level. The advantage of astrometric perturbations as a tracer of CDM
substructure is the insensitivity to stellar microlensing and propagation effects. Metcalf & Madau
(2001) used lensing simulations to study the effect of a single substructure located near the lensed
images. They reported that in order for a subhalo to change the image positions by few tens of
milliarcseconds it has to be as massiv as 108M and located at a position which is very well
aligned with the image to be perturbed. Such an alignment is rather rare in CDM models. Chen
et al. (2007) have estimated the amplitude of astrometric perturbations using realistic simulations
of subhaloes. They concluded that typical astrometric perturbations are of the order of 10 mas,
even if t ere is no substructure projected near the centre of the lens, but that these perturbations
are degenerate with the smooth lens model and thus hard to interpret.
1.4.3 Time delay millilensing
Keeton & Moustakas (2009) have recently shown that the presence of substructure in lens galax-
ies can affect the time delays of multiply-imaged gravitational lens systems. The importance of
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the effect depends on the total mass fraction of substructure, their mass function and their in-
ternal structure. Unlike flux ratio anomalies, time delay millilensing is not affected by stellar
microlensing or extinction in the lens galaxy. Moreover they are sensitive to a different moment
of the subhalo mass function than astrometric perturbations and flux ratio anomalies. The three
diagnostics could then be combined in a joint analysis allowing to constrain both the fraction of
substructure and the substructure mass function. The time delay perturbations due to substructure
are of the order of a fraction of a day while, at present, time delay uncertainties are typically ≥ 1
day. Small deviations from simple models could easily mimic delay changes of 1 day, making
the application of this technique strongly dependent on the quality of the measured delays and
inferred mass models.
1.4.4 Perturbations in highly magnified Einstein rings and arcs
Koopmans (2005) was the first to suggest to look at lens systems with extended sources and
Einstein rings or arcs to detect subhaloes in the lens galaxy. The method uses non-parametric
modelling to reconstruct the source and potential structure strongly entangled in the structure
of the lensed images. This method is not degenerate in the mass model and allows by itself to
constrain both the mass fraction in substructure and the substructure mass function. It is not
affected by microlensing and propagation effects, although it could be affected by dust extinction
in the lens galaxy, which modifies the image surface brightness. In this Thesis we present an
improved and extended version of the method originally introduced by Koopmans (2005).
Thanks to their highly magnified Einstein rings and arcs the SLACS lenses are the perfect sample
to apply these techniques for the detection of mass substructure in galaxies beyond the Local
Universe.
1.5 The SLACS survey
In this section, we present a short overview of the SLACS survey and a summary of its main
results. We refer to the following papers for a more detailed and extended description: Bolton
et al. (2006), Treu et al. (2006), Koopmans et al. (2006), Gavazzi et al. (2007), Bolton et al.
(2008), Gavazzi et al. (2008), Treu et al. (2009), Auger et al. (2009) and Koopmans et al. (2009).
1.5.1 Motivation
The SLACS survey is born from the idea of providing a uniform and large sample of early-type
lens galaxies. Several properties of early-type galaxies are still looking for consistent explanation
within the general picture of galaxy formation. The following questions in particular remain
unanswered: is the structure of massive early-types compatible with the picture of a late-type
merging scenario? What is the role played by baryons in shaping the structure of these galaxies?
What is the origin of the scaling relations between their photometric, spectroscopic and kinematic
properties? From an observational point of view, much progress has been made in this direction
using several probes such as stellar dynamics, statistics of early-type gravitational lenses and joint
lensing and dynamics measurements. However, most of these results remain uncertain because
of the lack of a statistically uniform sample of galaxies and the lack of constraints on their dark
matter holes and on the role these play in their formation. Strong gravitational lensing, when
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combined with spatially resolved kinematic measurements, is probably one of the most powerful
tools to study the structure of galaxies and to disentangle their dark-matter and luminous content.
1.5.2 Selection criteria
SLACS is a lens-based survey, which involves both spectroscopic and imaging measurements.
Target lens candidates were spectroscopically selected from the SDSS database under the follow-
ing conditions:
1. the spectrum has to be a well behaved absorption-dominated spectrum, with the signature
of at least 3 nebular emission lines at a higher redshift;
2. the lens galaxy has to be quiescent and bright;
3. the background source has to be relatively faint.
Lens candidates were then ranked in terms of their lensing cross section and those with the highest
cross section were targeted with ACS and later with WFPC 2 aboard the HST. The presence or
lack of significant lensed features such as Einstein rings or arcs will at this point be used to prove
or disprove their lensing nature. This procedure has led to the discovery of almost 100 new lens
systems (Bolton et al., 2006, 2008).
1.5.3 Major scientific results
The main scientific results from the analysis of the SLACS lenses can be summarised as follows
(Bolton et al., 2006; Treu et al., 2006; Koopmans et al., 2006; Gavazzi et al., 2007; Bolton et al.,
2008; Gavazzi et al., 2008; Treu et al., 2009; Auger et al., 2009; Koopmans et al., 2009):
1. SLACS lenses can be considered as a representative sample of massive early-type galaxies,
namely of early-type galaxies with a velocity dispersion σap ≥ 240 km s−1, both in terms
of internal properties and their environment. Results of the SLACS survey can therefore be
confidently generalised to non-lens galaxies of comparable mass;
2. massive early-type galaxies are almost homologous with nearly isothermal total density
profiles (≤ 10 percent intrinsic scatter) and have at most some mild radial anisotropy; joint
weak and strong lensing analyses show that the average slope is also close to isothermal on
scales that range from a few kiloparsecs out to a few hundred kiloparsecs. The radial mass
density profile does not seem to evolve significantly since redshift one;
3. the SLACS lenses define a mass fundamental plane relating the effective radius, the central
velocity dispersion and the surface mass density within half the effective radius. The mass
fundamental plane is tighter than the fundamental plane, it has smaller residual scatter and
does not have a tilt.
4. the fundamental plane of the SLACS lenses is consistent with that of nearby galaxies, once
passive evolution effects are corrected for; moreover these lenses tend to cluster at the edge
of the zone of avoidance of the fundamental plane. This may indicate that the zone of
avoidance can be explained as a cut-off in the velocity dispersion for early-type galaxies;
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the ”tilt” of the SLACS fundamental plane can be attributed to a variation in the total mass-
to-light ratio with mass, due to an increase in the dark matter fraction inside the effective
radius towards more massive galaxies.
In the near future we plan to apply our technique to a large sample of lens galaxies from the
SLACS survey with the aim of constraining the properties of mass substructure in early-type
galaxies.
1.6 This thesis
Quantifying mass substructure in galaxies is a key test for CDM models and gravitational lensing
is currently the only available tool to look at the structure of galaxies located at cosmological
distances.
In this Thesis, we present a Bayesian adaptive grid-based lens modelling technique which rep-
resents a major improvement of the method by Koopmans (2005). In this approach, substruc-
tures are defined as localised positive corrections to an overall smooth mass model. While the
smooth component of the lensing potential is described by an analytic model, generally an ellip-
tical power-law, the potential corrections are defined on a regular Cartesian grid. The extended
source surface brightness distribution is also pixelised on an adaptive mesh. The source grid, in
particular, is a Delaunay triangulation build directly from pixels on the image grid. Building a
source grid in this way not only helps in reducing the computational load by concentrating the
effort in highly magnified regions, but also keeps the number of degrees of freedom constant, al-
lowing for a meaningful statistical analysis. The method is sensitive to individual substructures
and is able to correctly measure their relative masses and positions. The full procedure is em-
bedded in the framework of Bayesian statistics and, as already mentioned, it allows by itself to
constrain both the mass fraction in substructure and the substructure mass function. It is not af-
fected by microlensing and propagation effects, except possibly dust extinction by the lens galaxy.
Compared to flux ratio anomalies it is sensitive to more massive subhaloes with masses & 108M.
1.6.1 Outline of this Thesis
The outline of this Thesis is as follows: in Chapter 2 we present a novel lens modelling technique
for the detection of mass substructure in lens galaxies using highly magnified Einstein rings and
arcs. In Chapter 3 we develop a Bayesian formalism that, given a certain number of detected
substructures and their relative masses, turns these observables into statistical constraints on the
projected mass fraction of the substructures and their mass function. This allows for a direct
comparison with numerical simulations. In Chapter 4 we apply this novel and powerful technique
to the lens system SDSS J0946+1006 and we find a previously undetected large mass-to-light
ratio ((M/L)V, & 218 M/LV,) substructure at redshift 0.2. In Chapter 5 we analyse SDSS
J120602.09+514229.5, which has a luminous satellite on the lensed arc. We model it with the
double goal of providing tangible evidence that our method works and of measuring the main
properties of the observed satellite, such as its mass, tidal radius and total mass-to-light ratio.
Finally, in Chapter 6 we use optical HST and infrared observations of SDSS J0737+3216 to show
that high quality ground based observations could be attractive an alternative to HST observations
for constraining lens galaxy properties and to detect mass substructure. In Chapter 7 we conclude.
